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ON THE FREE EXPANSION OF THREE-DIMENSIONAL STREAMS OF PERFECT GAS’

The asymptotic behavior of solutions of gasdynamics equations describing the distant
regions of three-dimensional streams of inviscid and non-heat-conducting gas freely
flowing into vacuum is studied. The same equations define the flows at initial sect-
tions of streams flowing into region of small, but finite, pressure or in the ac-
celeration sections of nozzles. The principal term of coordinate expansion of in-
ciated solutions at large distances was obtained in /1-—5/.

In this paper the expansion of solutions is constructed in the remote field in the small
parameter that defines the deviation of particle velocity from the maximum possible. The
second term of that expansion enables the investigation of three-dimensional flows. The obtain-
ed formulas become in cases of axisymmetrie streams the expansion obtained in /6/.

Let us consider a stream of perfect gas freely flowing into vacuum along the z axis in
a cylindrical system of coordinates zrd. Let in some cross section at =z, of that
stream the particle velocity components, total enthalpy and entropy be specified. The last
two quantities are assumed constant in all cross sections normal to the z axis. The deter-
mination of parameters of the stream is required for =z > z,.

The stated Cauchy problem can be scolved numerically, however, the coordinate expansion
of the sought solution, as 2z ->o0, is of interest. The limit value of particles velocity
when 2z = oo is equal to the maximum possible velocity W,.

In the case of a plane stream the problem is linearized in hodograph variables, and its
solution follows from the expansion of Legendre potential in the neighborhood of point W,,.
This procedure was used in /6/, where the powers of z in the coordinate expansion of plane
stream parameters are indicated. In that paper they were found also for an axisymmetric
problem on the assumption that V,/r=8V,/ér in some neighborhood of the stream axis (V. is the
radial velocity component). This assumption enabled the application of the hodograph trans-
formation for linearizing the resulting equations.

There exist another method, based on expansion in the small parameter e = max (1 — W/ W)
of the solution /2,7/. 1In the first approximation it yields a stream with the velocity W,,
along the rz axis. Equations of the next following approximation completely agree with the
equations of unsteady flow in the r& plane, if in them z/Wmn is substituced for time. In the
case of plane flow these equations are linearized in the hodograph plane and for the Legendre
potential we obtain the Darboux— Tricomi equation /8/. If the exponent of the Poisson adia-
batic curve = is such that the ratio (3 —x)/(x— 1) 1is an even number, the general integral of
the Darboux-Tricomi equation is expressed explicitly /9/. It was applied in /3/ for solving
the above Cauchy problem with x=7%3 and 7j.

In the case of three-dimensional streams the general integral of unsteady flows is not
known. Hence the input Cauchy problem can only be solved numerically, even in the considered
here approximation. However, there is an exact solution of equations that define the plane
or axisymmetric flow from a source located as a point of the z axis, taken as the coordinate
origin, and is approached by the solution of the respective Cauchy problem as r— o0 /3/.
That solution is, thus, the principal term of the sought ooordinate expansion. It may be used
for obtaining its subsequent terms.

In accordance with what was said, we shall seek the flow potential at &z 2>z, in the form
of an expansion in the small parameter ¢

© = Wz, (2 + 2D, (z, 7) + D, (2, F, 9) + ...] (1)

Z = z/x,, F = &r/z,

Henceforth we omit the bar over independent variables for the sake of simplicity.
As @, we take the source potential at the coordinate origin
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2m —1

O, = — @t — )y, 2m—D)=—E—1)(+1) (2)

where v =0 is for plane and v =1 for three-dimensional flows.

Equality (1) assumes, in fact, the existence of such gz, for which W/W, =1 — &+ O (¢,
VW, = efr + 0(e’) and Ve/W,, = O (). When this assumption is fulfilled, the analysis of
@, shows the validity of the indicated above statement on the tendency of the Cauchy problem
to the solution of the prablem of source as z - oo. These relations become invalid when the
stream boundary, where W = W,, is approached, hence, the results obtained subsequently per-
tain to the stream kernel and not to its peripheral region.

The determination of the third term in formula (1) is of interest in connection with that
the singularities of the three-dimensional flow at considerable distances can only be studied
using @,. Moreover, the analysis carried out in /6/ shows that @, contains terms whose taking
into account effectively widens the region of applicability of representation (1) in compar-
ison with its two-term analog.

To derive an equation which would satisfy @, (z,r,¥) we substitute formulas (1) and (2)
into the equation of continuity and into the Bernoulli equation. After simple, but fairly
unwieldy operations, we obtain for @, the linear inhomogeneous equation.

_y+1 /@ _’__‘Z_)" —a(m-1) [ 3% r 0@2) 3
2(m—1)<dz + 5% l_’ " <09: +T or :l‘*' (3)
D, v 0P v 0D, v41 -
vt T e = — —p (G i
L s

that has the particular solution

rt

822

2% 4+ 1

Do =— 3 Gm —3)

(2= — 1) — (4)

The derivatives of @,; decrease with increasing z more rapidly than the respective deri-
vatives of @,. However, for the complete analysis it is necessary to construct the general
solution ®,, of the homogeneous equation. We carry out in (3) the substitution of the in-
dependent variables

z = MmN E = (v + {)(x — 1)fr/z (5)

In new variables the homogeneous equation for M,, has the simple form

_ 6D, ’ b, 0y, v 0D, v B, _ 2m—1
PR Ut =t - e, a= (6)

which is hyperbolic. However on plane z =0 it becomes degenerate. In the physical space
this.plane according to (5) corresponds to infinity in the direction of the z axis, subsequ-
ently it is convenient to consider the Laplacian in the right-hand side of Eq.(6) in Cartesian
coordinates

g, = Ecos?¥, E = Esind

The equation of the characteristic conoid with the apex at point (z,, ki E30) has the
form

207 — (B — B10)% + (By — Egp)?I¥ = 23,: (7N
It cuts out in the original plane 2z=1 a circle with its center at point (};,,, &) and
radius 2 (1 — z,'9).
Let us find the solution of the Cauchy problem for Eq.(6) with data in the plane z=1

Dy0 = @ (E1y L), 0D,0/0z = ¢ (&, L) (8)
We use for this the Fourier method., The two functions

Tl = zu";z‘IIGl (297-‘/')9’{}7 [i (91§1 -+ ngz)]
Ty = 2219 (2p2%9exp [i (p,k, + p2£:)]
p* = pi® + pof
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where J and Y are Bessel functions of the first and second kind, satisfy Eq. (6€).

s 5 - . _ Hence the
sougnt may be represented in the form of the integral

0
Do == SS [A (p1,02) Ty -~ B (py, p2) T} dpy dps

-

,\
0

Functions 4 and B are calculated using initial conditions in which all gquantities
t be as a ?-re'hnrn nary, renlaced by their Fourier represen

8) .,
be, as lininary eplaced by their Fourier .u:y.nc;:uu.at_loﬂs After the substitution
A and B in formula (9), it represents the solution of problem (6), (8) in the form of a

fourfold integral., It is necessary to change the order of integration and calculate the in-
ternal integrals. As the result, we obtain the sought formula

Do = 29/2 S Kv(lal,z,n)[(?v(él,éz,nw (10

{(v-1)a

'%‘(Ial-— @) Gy (B, &2, M 0¥ dn +

a
gotraris 2 (- z0-ai2K (o] — 1,2, )Gy (G By ) 0¥
{(v—1)a

a=2(1~—2z%)

=+ =g b Ly

_xh 1 oy :

Ku(ﬂyz, n = o sin (pm) (z ) ( 5B AT (e B)
. 1 g3 B . .
SB/2F<T+T’T+T’ 1+51C>-—

28

. 1 B3 B . .
rmrEEr o (- - k)
f=da(l - 2 —

where I (@) denotes the gamma function and F (a, b;c¢; {) the hypergeometric Gauss function.
Functions @, and Gy are obtained from initial data (8). In the case of v =0 we use
for this a simple displacement

Qo=pE+M), G=e¢(E+n

When the flow is three-dimensional (v = 1), for calculating @, and Gy in addition to
the displacement a supplementary averaging over the angular coordinate is required

1

Qi=—5\ V& + ncosh, & + nsin k) dh

Gr=—r ; ¢ (& + ncosA, & 4 nsin k) dr

omg o:/:g

The limits of integration in formula (10) are selected in accordance with the equation
of characteristics (7) so that in the calculation of the potential ®,, at point (z, §;, &) only
the initial data belonging to the circle in plane z =1 with the center at peoint (&, &) and
radius 2 (1 — 27 participated.

When P approaches zero or a negative integer, the expression for the kernel K, (B, z, )
becomes indeterminate. The indeterminacy is to be opened using the standard passing to limit
in each remainder of temms of hypergeometric series. Then temms with In{, appear, which are
the source of logarithmic dependence on z of the potential and its derivatives /6/. In the
three-dimensional case for the indicated values of B, logarithms do not occur in the kernel

K, (B, 2, m). They, however, appear in the final calculation of ®,, using formula (10).

For analyzing the behavior of ®,,(z, %, ®) as z-»0 we pass in formula (10) to integra-
tion with respect to {, and use the representation of kernels K, and K, for small (. Assum-
ing the analyticity of functions @, and G, with respect to argument 7, after simple trans-
formations, we come to the conclusion that the derivatives of ®, as =z — oo, approach zero
not slower than the respective derivatives of ;. Note, however, that the first term in
formula (2) for @, taken with an arbitrary multiplier, is a particular solution of (6). Hence
it is possible to overdetermine & so that ®,, did not contain a term proportional to g™l
Then & changes by the quantitiy O (¢?), and the form of (1) remains unchanged. But now the
derivatives of ®, approach zero mor rapidly as & — oo, than the respective derivatives of D,.
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From this follows the validity of the indicated above principle on the asymptotics of solu-
tion of the Cauchy problem.

The coordinate expansion of velocity components on the z axis is of interest. It is ob-
tained by the described method which yields the formulas

Vo/Wo = 1 — €yt 4 e [Coa®™3 + Cazim—t 4 O (z1m5)]
VW, = e (Cya?m? 4+ Cyx)cosd

When m =Y, the coefficient a = 0 (6), and in ®,, appear logarithmic terms. Accord-
ingly the terms with coefficients €, and Cy in the expression of velocity components of the
r axis must be replaced by logarithmic formulas

C,x*Inz, Cyz7lnz

All this conforms to results of /6/.

The coordinate expansion of ®@,, can be constructed using a different method by searching
self-similar solutions of Eq. (6) of the form

@, = zVhy (E272) cos kb

For h, we obtain linear ordinary differential equations dependent on parameter y. The
parameter is determined from the condition of boundedness of derivatives of O,, when [ = 0.
Solution of these equations is of power form, and is not adduced here.

Let us consider the behavior of streamlines in the stream. Restricting the representa-
tion of potential (1) to the first two terms, they are straight lines r = {z,® = ¢,, where

Yo and @, are constant. The trinomial expansion of the potential yields the equalities.

r= ‘Poz “ + 8R (.’C, gov ‘Po)]s ﬂ = @ + ST (.Z, gov 'Po) (ll)

Bo= (v 1) (ot — )0
-— 1 TN E ad)'m J—
R= gy 2 + gy § Tt
—— (0D -
I =3m—nw S T | 2

Since R and T do not increase in absolute value as z — oo, the expansions (ll) are valid
in the considered here flow region. When m =1/, the second term in the formula for the
coordinate r of particle trajectory approaches infinity as z is increased, i.e. the particle
deviated from rectilinear trajectory r =,z at an infinitely large distance /6/. But this
does not lead to an increase of the relative width of the perturbed region, hence the singular-
ity in the asymptotic expansion does not occur. Note that in the problem of demping shock
waves at large distances from bodies in a supersonic gas flow, the second term of the asym-
ptotic expansion, while remaining considerably smaller than the principal term, leads to an
infinite increase of the perturbed region relative width. This effect, called cumulative, is
the cause of singularity in the asymptotic expansion that is eliminated, for instance, by the
method of deformed coordinates.

The authors thank A.N. Kraiko for drawing their attention to this problem.
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